We show that no exotic R 4 admits a complete Riemannian metric with uniformly positive isotropic curvature and with bounded geometry. This is essentially a corollary of the main result in [Hu1], and was stated in [Hu2] without proof. In the process of the proof we also show that the diffeomorphism type of an infinite connected sum of some connected smooth nmanifolds (n ≥ 2) according to a locally finite graph does not depend on the gluing maps used.
Introduction
In [Hu1] we proved the following result which extends [CZ] to the noncompact case. Theorem 1.1. Let X be a complete, connected, non-compact 4-manifold with uniformly positive isotropic curvature, with bounded geometry and with no essential incompressible space form. Then X is diffeomorphic to an infinite connected sum of S 4 , RP 4 , S 3 × S 1 , and /or S 3 ×S 1 .
Note that here we use the standard smooth structures of S 4 , RP 4 , S 3 × S 1 and S 3 ×S 1 . Now we explain the notion of infinite connected sum used here (compare [BBM] and [Hu2] ). Let G be a countably infinite graph which is connected and locally finite (here we allow an edge to connect a vertex to itself, and allow more than one edge to connect two vertices (or connect one vertex to itself)), and let X be a class of connected, smooth n-manifolds (n ≥ 2). We associate an element X v ∈ X to each vertex v of G. For each edge of G, suppose it connects the vertices v 1 and v 2 (it may be that v 1 = v 2 ), we do a connected sum of X v 1 and X v 2 (as in pp. 102-106 in [BJ] ). The result is a connected, smooth n-manifold, which is called an infinite connected sum of members of X according to the graph G.
The following result is stated in [Hu2] without proof. It is essentially a corollary of Theorem 1.1.
Theorem 1.2. No exotic R
4 admits a complete Riemannian metric with uniformly positive isotropic curvature and with bounded geometry.
To prove Theorem 1.2 we also need the fact that the diffeomorphism type of an infinite connected sum of some connected smooth n-manifolds (n ≥ 2) according to a locally finite graph does not depend on the gluing maps used. This fact is proved in Section 2. Theorem 1.2 itself is proved in Section 3.
Infinite connected sum
We give more details of the definition of infinite connected sum. Let G be as in the Introduction. Let {v 1 , v 2 , · · ·} be the set of the vertices in G. If the connected, smooth n-manifold (n ≥ 2) X v i associated to the vertex v i is orientable, we choose an orientation of it. For each pair (i, j) with i ≤ j, let {e k ij |k = 1, 2, · · ·, m ij } be the set of edges connecting v i to v j (of course, if there is no edge connecting v i to v j , m ij = 0, and in this case this set is empty). To each edge e k ij we associate a pair of smooth embeddings
be orientation-reversing. We assume that the images of all these embeddings are disjoint from each other.
Let D n be the closed unit ball with center the origin in the standard R n . For each i, let
and let Y be the infinite disjoint union Y i . We define an equivalence relation ∼ in Y by setting
) and u ∈ S n−1 . Let X be the quotient space Y / ∼. We call X the connected sum of X v i according to the graph G via {f e k ij , g e k ij }, and denote it by
). Let M n be a connected n-manifold, and
n → M n be two embeddings from the disjoint union of k copies of the standard n-disk. As in [BJ, Definition (10.1)] we say ϕ andφ are compatibly oriented if either M n is not orientable, or, for each i (1 ≤ i ≤ k), ϕ i andφ i are both orientation preserving or both orientation reversing (relative to fixed orientations of D n and M n ). The following result is well-known, see for example Theorem 3.2 in Chapter 8 of [H] .
n be two (smooth) embeddings from the disjoint union of k (< ∞) copies of the standard n-disk to a connected, smooth n-manifold M n (n ≥ 2). Suppose that ϕ andφ are compatibly oriented. Then there is a diffeotopy H of M n , which is fixed outside of a compact subset of M n such that H(·, 1) • ϕ =φ.
(For definition of diffeotopy (or ambient isotopy), see [BJ, Definition (9. 3)] and p.178 of [H] .) Proof We follow closely the proof of Theorem 3.2 in Chapter 8 of [H] . We do induction on k. The k = 1 case is due to Cerf and Palais (for expositions see Chapters 9 and 10 in [BJ] , Chapter III in [K] and Theorem 3.1 in Chapter 8 of [H] ). Suppose the result is true for k = j. Now we consider the case k = j + 1. By assumption there exists a diffeotopy H of M n , which is fixed outside of a compact subset of M n such that
We apply the k = 1 case to the two embeddings
and get a diffeotopyĤ of
) is a connected, smooth manifold, and oriented if all X v i are oriented. Its diffeomorphism type (oriented if relevant) does not depend on the choice of embeddings f e k ij and g e k ij .
Proof The first claim can be shown as in pp. 103-104 in [BJ] and pp. 90-91 in [K] . Now we show the second claim. Suppose that to each edge e k ij we associate another pair of smooth embeddingsf e k ij : , and still denote it by ∼. Finally we let
Since G is locally finite, for each i, the above ⊔R n is a finite disjoint union; we consider the finite disjoint union ⊔D n contained in it. For each i, we can apply Proposition 2.1 to ϕ i | ⊔ D n andφ i | ⊔ D n , and get a diffeotopy H i (·, t) of X v i , which is fixed outside a compact subset of X v i , such that
Clearly F is a diffeomorphism. Note that by equation (2.1) again F is compatible with the equivalence relations in Y and in Y . So F induces a diffeomorphism
).
✷
Remark In general, if each X v i is orientable, the diffeomorphism type of the infinite connected sum ♯ G X v i may depend on the choice of the orientations of X v i . But it is easy to see that if each X v i is orientable and admits an orientation-reversing diffeomorphism, then the (unoriented) diffeomorphism type of ♯ G X v i does not depend on the choice of the orientations of X v i .
